Studies of charge transfer and total cross sections in elastic collisions of atom-ion alkali metals at ultralow temperatures are reported. Calculations for NaϩNa ϩ have been carried out with the best available 2 ⌺ g ϩ and 2 ⌺ u ϩ potential curves. As functions of energy, the cross sections show considerable structure and are large in the limit of low temperature. The scattering lengths were also computed, and the effective range expansion verified. For higher temperatures, we compare quantal and semiclassical results, and investigate the range of applicability of the Langevin formula. Even at temperatures of a few degrees kelvin, the charge-transfer cross sections are large, and could provide an efficient way to produce cold ions.
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I. INTRODUCTION
Collisions of atoms at ultracold temperatures have received considerable attention because of their importance in the cooling and trapping of atoms ͓1͔ and molecules ͓2͔ and their role in high precision spectroscopy ͓3͔ and BoseEinstein condensation ͓4͔. Neutral-atom collisions at ultracold temperatures may be characterized by s-wave scattering lengths. Collisions of ions and atoms involve higher-order partial waves because of the long-range attractive polarization forces and differ also because of the possibility of charge transfer. The cross sections may be large and charge transfer between ions and atoms will occur with high efficiency. Ion-atom collisions influence the behavior of plasmas and determine the magnitude of the ion mobilities and diffusion coefficients. An ultracold plasma of xenon has been created ͓5͔ and similar techniques may be used to create alkali-metal plasmas ͓6͔.
In this paper we explore the neutral-atom-ion-collision properties in the ultralow-energy regime. We calculate the elastic and charge-transfer cross sections using accurate potential curves. We determine the elastic scattering lengths for the 2 ⌺ g ϩ and 2 ⌺ u ϩ states of Na 2 ϩ , and verify the effective range expansion for the s-wave contribution. We examine the contribution of higher partial waves to the cross sections. The charge-transfer and diffusion cross sections are computed using a quantal treatment, and are shown to be well described by a simple semiclassical model. We compute the ion diffusion coefficient and mobility. The mobility follows a simple classical expression for temperatures ranging from 10 nK to 100 K. Below 10 nK, we predict a rapid increase of the mobility with decreasing temperature.
II. PROCESSES
We study the collision between an ion and its neutral parent atom. Although we use NaϩNa ϩ as an example, many of our conclusions apply to other alkali-metal ion-atom collisions. A neutral atom of Na collides elastically with Na ϩ in the 2 ⌺ g ϩ or 2 ⌺ u ϩ states of Na 2 ϩ . The elastic collision may be represented by
The elastic cross section is given by ͓7͔
where kϭͱ2E/ប with the reduced mass and E the collision energy in the center-of-mass system, and l g,u is the lth partial-wave phase shift corresponding to the 2 ⌺ g ϩ and 2 ⌺ u ϩ states, respectively. Another possible outcome is charge transfer,
The charge-transfer cross section is given by ͓7͔
For the two doublet potential-energy curves 2 ⌺ g ϩ and 2 ⌺ u ϩ , we used the ab initio data of Magnier ͓8͔, ranging from 5.0 to 20.0 bohr radii a 0 , extended to large distances by the asymptotic form
with ϯ for g and u, respectively. The dispersion term is given, in atomic units, by
with C 4 ϭ162.7, C 6 ϭ1873.0, and C 8 ϭ54 139.0. The coefficient C 4 is the dipole polarizability of the sodium atom ͓9͔. The coefficient C 6 is the quadrupole polarizability of Na, 1849.0 a.u. ͓10͔, to which we added the estimate of 24.0 a.u. for the relatively small contribution of the ion-atom Na ϩ -Na van der Waals interaction. The coefficient C 8 is the octupole polarizability of Na ͓10͔. The exchange term was found using the treatment of Bardsley et al. ͓11͔ and takes the form, in atomic units,
with Aϭ0. 111, ␣ϭ2.254, ␤ϭ0.615, and Bϭ0.494 . At short distances (RϽR 1 ϭ5.0 bohr radii͒, we extended the potential with an exponential wall of the form
with
The two potential curves are shown in Fig. 1 .
The phase shifts l g,u are determined from the continuum eigenfunctions y E,l g,u (R), which are the regular solutions of the partial-wave equation
The asymptotic form of y E,l g,u (R) at large distances gives the elastic scattering phase shifts
III. ELASTIC CROSS SECTIONS
The elastic cross sections for the scattering at low energies in the 2 ⌺ g ϩ and 2 ⌺ u ϩ states are illustrated in Figs. 2 and 3, respectively. The insets in both figures have the same scale, contrary to the main plots. At very low energies below 10 Ϫ12 a.u., the cross sections are determined by the s waves. The phase shifts may be described by the effective range formula ͓12͔ Ϫ12 a.u., higher partial waves contribute, shape resonances occur, and considerable structure is present in the cross sections. For large values of the angular-momentum quantum number l, the centrifugal barrier ensures that the effect of the inner part of the potential is negligible, and the phase shifts are determined by the long-range interactions. For large l, we can use the semiclassical approximation for the phase shift ͓13͔
where R 0 is the outer classical turning point. If R 0 is in the asymptotic region, so that V(R)ϳϪC 4 /2R 4 , the phase shift is given by the simple expression 
͑15͒
In Fig. 4 we show the numerical phase shifts ͑modulo ) for the gerade and ungerade states as functions of l for a collision energy of Eϭ10 Ϫ6 a.u., and we compare them to the approximate semiclassical phase shifts. In both cases, the approximation is good for lϾ50: the lower partial waves for which the phase shifts are large cannot be described by this simple approximation.
A useful approximation to the cross section at energies where numerous phase shifts contribute can be obtained by dividing the individual partial waves at lϭL where L is large enough that the asymptotic expression ͑15͒ is valid and sin l may be approximated by l . If L is also such that the phase shifts quickly become large as l decreases below L, sin 2 l may be replaced by its average value of 1/2. Then, it may be shown that
.
͑18͒
For Na ϩ -Na, with E measured in atomic units,
In Fig. 6 we compare the quantal elastic cross sections with the semiclassical expression as a function of the collision energy. The approximation gives results in good agreement with the exact ones for energies down to 10 Ϫ10 a.u. At lower energies, the few partial waves contributing imply classical turning points R 0 where the approximation for the phase shift cannot be used. At higher energies, the quantal results oscillate about the semiclassical one. On the same graph, we show the elastic cross sections for the collision of neutral sodium atoms in the 3s state in the molecular singlet X 1 ⌺ g ϩ and triplet a 3 ⌺ u ϩ states ͓14͔. The cross sections of the atom-ion collisions are orders of magnitude larger than their neutral counterparts.
IV. CHARGE TRANSFER AND DIFFUSION CROSS SECTIONS
The charge-transfer cross section in the collision of Na ϩ with Na is given by Eq. ͑3͒. In Fig. 7 we show it as a function of the collision energy. At high energies, the influence of the long-range attractive force tends to cancel and the cross section is determined by the exponential decay of the difference between the 2 ⌺ g ϩ and 2 ⌺ u ϩ potentials. The chargetransfer cross section varies as ͓7,13͔ ch ϳ͑a ln EϪb ͒ 2 a.u., ͑20͒
with aϭ1. 33, bϭ22.943 , and E is expressed in eV. At high energies beyond our calculations, oscillations about the mean value have been predicted ͓15͔ and observed ͓16͔. At low energies below 10 Ϫ3 a.u., the cross section is dominated by scattering from the attractive 2 ⌺ g ϩ interaction varying as R Ϫ4 and small values of the angular momentum. As shown in the figure, the cross section varies approximately as the classical Langevin formula for a polarization potential
modified by quantum oscillations. In the limit of zero energy, only the s-wave contributes and the Langevin formula fails. The limiting charge-transfer cross section is given by
For bosons, the diffusion cross section for an ion in its parent species is given by ͓13͔
where sϭ3/2 is the nuclear spin of the Na atom, and ϩ ϭ 4 In Fig. 8 we illustrate the diffusion cross section as a function of the collision energy, and compare it to twice the charge-transfer cross section. The agreement is close.
Using the diffusion cross section, we can calculate the ion mobility. The mobility of an ion is given by ͓7,13͔
where e is the charge of the ion, T the temperature, and D the diffusion coefficient which may be written as
where n, the neutral gas density, is supposed much larger than the ion density n ion , and P is an averaged diffusion cross section given by
where xϭE/k B T. If the scattering is described classically, the mobility corresponding to a R Ϫ4 potential of an ion of mass M ͑in units of proton mass͒ in its parent with a standard density nϭ2.69ϫ10
19 cm Ϫ3 is given by
where C 4 is in atomic units ͓13͔. In Fig. 9 we show the averaged diffusion cross section and the ion mobility as functions of the temperature. The semiclassical expression ͑30͒ is valid over a large range of temperatures, from 10 nK to 100 K. At very low temperatures, the mobility increases rapidly as the averaged diffusion cross section reaches a plateau. At high temperatures, the mobility will ultimately decrease ͓7͔.
V. CONCLUSION
We have explored the scattering properties of collisions between a neutral atom and its positive ion, and calculated cross sections for Na and Na ϩ . The conclusions reached here are applicable to the other alkali-metal atom-ion collisions, since their interaction potentials are similar, and the results are well described by a semiclassical treatment, which depends only on the mass and polarizability of the neutral atom.
We showed that the elastic cross sections for the gerade and ungerade states are satisfactorily described by a simple semiclassical treatment to energies down to Eϳ10 Ϫ12 a.u., for which they follow a E Ϫ1/3 power-law dependence. The s-wave regime is not accessible with present day technology. The elastic cross sections are very large at low collision energies, of the order of 10 7 a 0 2 ϭ2.8ϫ10 Ϫ10 cm 2 for energies corresponding to 100 K. They are two to three orders of magnitude larger than the elastic cross sections of two neutral sodium atoms.
The charge-transfer cross sections are very large at low collision energies. They are well described by the Langevin cross-section behavior E Ϫ1/2 for E between 10 Ϫ12 to 10 Ϫ3 a.u., and vary as (a ln EϪb) 2 at larger energies. The large transfer cross section at low energy may provide ion cooling through collisions with ultracold neutral gas.
We verified the relationship d Ӎ2 ch , and computed the ion mobility. For a large range of temperatures, from 10 nK to 100 K, it is almost constant and agrees with the classical formula for a polarization potential. At low temperatures, the calculated mobility increases as 1/T as the temperature is decreased.
However, at ultralow temperatures, many-body interactions become important and the behavior of the system cannot be described in terms of binary collisions. In that regime, the ultracold atoms form a frozen gas similar to an amorphous glass where the sites are randomly distributed over the sample. In such a disordered system, charge hopping can occur due to many-body effects, and insulator-conductor transitions can take place. Similar many-body effects have been observed in excitation transfer in a frozen gas of ultracold Rydberg atoms ͓17͔. Ultracold atom-ion collisions may provide a useful laboratory to study many-body effects, like Mott transitions, in very clean experimental systems.
